We consider in this article, a lopsided quintic polynomial vector field
INTRODUCTION
Let X be a polynomial vector field of the form
where a ij , b ij ∈ R. Given such a vector field X corresponding to a fixed set of values (a ij , b ij ), there exists a neighborhood U of the origin O ∈ R 2 * We wish to express our sincerely thanks to Pr. J.P. Françoise for his advices during the period of this work.
on which the flow of X, that is the solution of the differential system
exists for all initial values. We can furthermore assume that there is a first return mapping L defined on U . Given an initial point (r, 0), r > 0, the solution of (2) with initial data (r, 0) intersects again for the first time the x-axis at some point (L(r), 0), L(r) > 0. We denote by Σ = {(x, 0) ∈ U } the transversal section, by transversality, the mapping L is analytic and it has a Taylor series
The coefficients L k , k ≥ 2, are called the Lyapunov-Poincaré coefficients.
The sign of the first non-vanishing Lyapunov-Poincaré coefficient determines the stability of the origin. Let L k0 be this coefficient. If L k0 > 0, then close to the origin, the orbits spirals away and 0 is unstable. On the contrary, if L k0 < 0, then 0 is stable.
We now assume that (a ij , b ij ) varies slightly from a fixed value. In some fixed neighborhood of the origin, the first return mapping L of X relative to Σ still exists and it now depends of the coefficients (a ij , b ij ). We write now
A direct computation shows in fact that the coefficients L k are polynomials in the coefficients (a, b) = (a ij , b ij ) and thus they are globally defined. The first polynomial L k0 (a, b) which is non-zero determines the stability of the origin. The vanishing of the non-zero coefficients L k (a, b) gives the algebraic expressions which are points of a real algebraic manifold or of a center manifold. We use the algorithm introduced by J.P. Françoise in [7] for a polynomial vector field
in order to compute the first non-zero coefficients for a homogeneous perturbative part. The implementation of this algorithm was developed in [9] . We introduce a parameter ε and consider the 1-parameter family
The vector fields X ε has a first return mapping L(r, ε) of the form
The algorithm allows to compute the first non-zero derivative of L(r, ε) relatively to ε. This coincides with the coefficients L k (a ij , b ij ) in the case of a homogeneous perturbative part. We use the computer algebra methods presented in [9] in order to do our computations for the polynomial vector field (5), where d = 5 and b ij = 0.
The problem of a center for the polynomial vector fields (1) consists in finding all the necessary and sufficient conditions bearing on the coefficients (a ij , b ij ), in order that all orbits in a neighborhood of the origin be periodic. For the polynomial vector field (5), these conditions have been found by H. Dulac [5] for d = 2 and by Sibirski [16] for d = 3. In [8] , it was shown that the algorithm introduced in [7] leads to the usual conditions of Dulac for d = 2 and of Sibirski for d = 3. For d = 3 see also the works of N.G. Lloyd and his co-workers [3, 12, 13, 1] . For general references to Hilbert's 16 th problem and to the center problem, see [2, 4, 6, 10, 14, 16, 17, 18] .
In this work, we determine all the conditions on a polynomial vector field
and its corresponding differential system
such that the origin is a center. We refer to the vector field (8) as the lopsided quintic vector field and the system (9) as the lopsided quintic system. For a lopsided quartic vector field see [15] .This kind of systems have been studied for the first time by Kukles (1944) , when i + j ≤ 3, for example see [11] .
THE ALGORITHM OF THE MULTIPLICITY OF THE FIRST RETURN MAPPING
We use the algorithm introduced in [7] for the lopsided quintic vector field (8) . We include here in general a short description of it. We introduce the complex coordinates z =
, and the
With this new notation, instead of the polynomial vector field X in (1), we use
whose complex coefficients A ij are easily related to the real coefficients
We introduce next a real parameter ε and the 1-parameter family of 1-forms ω ε = dH + εω 1 . The corresponding 1-parameter family of vector fields X ε of (6) 
We define the multiplicity in ε of the first return mapping L(r, ε) as the first k 0 so that L k 0 (r, A ij ,Ā ij ) is not identically (in r) zero. At this point, it is convenient to choose r = H| Σ as the coordinate on the transversal section Σ.
There is a formula due to H. Poincaré which gives
Assume that L 1 (r, A ij ,Ā ij ) = 0 (as a function of r) then there is a polynomial g 1 such that
and we get
One can show inductively that given
and then
The consequence is that we can compute the first non-zero coefficient building the sequence of polynomials g 1 , . . . , g k , . . . , at each step k we have the 1-form g k ω 1 . We first compute the differential
We find that
next we compute d(g k+1 ω 1 ) and we repeat the process.
THE LOPSIDED QUINTIC VECTOR FIELD
For the lopsided quintic vector field (8), we have the 1-form
By using the complex coordinates (z =
we get (xdx + ydy) = d(zz) = dH, and 
We refer to (12) as the lopsided quintic conditions. So, after this change of coordinates, for the 1-parameter family
we have
with the lopsided quintic conditions (12) , where
We have used many times the following theorem [9] in order to do the successive elimination of parameters and to produce center conditions:
By using the procedures dvg, swap, and purge [9] on MAPLE with the lopsided quintic conditions (12), we get the Lyapunov-Poincaré polynomials: Remark 3. Sometimes, the action of the group of rotation allows to assume that A ij ∈ R with i − j + 1 = 0. But, for the lopsided quintic vector field this is not possible, since this vector field is not invariant under the action of the group of rotation.
Lemma 2. The non-zero Lyapunov-Poincaré polynomials for the lopsided quintic vector field (8) are
L i [2i] = 2i (P i [2i]), for i = 1,
CENTER CONDITIONS FOR A LOPSIDED QUINTIC VECTOR FIELD
In this case, we have ω ε = dH + εω with the lopsided quintic conditions (12) , where H = zz, and ω Proof. First, we suppose that the coefficients A ij with i+j = 5 are real. The Lyapunov-Poincaré coefficients are polynomials in A ij , so they are real expressions. In this case, by using theorem 1, we get
This implies that the origin of dH + εω is a center. Now, if the origin of ω ε is a center, we have to show that all the coefficients A ij with i + j = 5 are real. The first non-zero Lyapunov-Poincaré polynomial is
the vanishing of L 1 [2] gives A 23 ∈ R, we suppose that A 23 = α, where α ∈ R. The second non-zero Lyapunov-Poincaré polynomial is Finally, the vanishing of L 3 [6] gives that A 14 = 3(1 ±
2 )α ∈ R \ {0}, so all the coefficients A ij with i + j = 5 are real.
Conclusion For the lopsided quintic vector field (8) , theorem 4 shows that the origin is a center if and only if all the coefficients A ij with i+j = 5 are real, i.e. only if we have symmetry with respect to a line through the origin.
